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The p r o b l e m  of the one -d imens iona l  motion of a e r a t e d  oi l  and gas  a r o s e  in connection with 
the design of a deve lopment  of the Samot lo r sk  o i l f ie ld ,  level  A of which is a s ingle  m a s s i v e  
s t r a t u m  with a gas cap in the upper  pa r t  and ground water  in the under ly ing par t .  It is  a s -  
sumed that  the a r e a  of the f ie ld is  cove red  with a ne twork  of wel ls  at a given spacing.  The 
well f i l t e r s  a re  loca ted  a r b i t r a r i l y  in a s ingle  a r e a  which is ca l l ed  the plane of oi l  sampl ing .  
The posi t ion of the g a s - o i l  contact  and the w a t e r - o i l  contact  a r e  c ons i de r e d  as functions of 
the t ime  in the  sampl ing  plane in o r d e r  to d e t e r m i n e  the deplet ion of the stock of oil  and 
a lso  to loca te  the sampl ing  plane mos t  advantageously  in depth~ 

The p rob l em fa l l s  into two p a r t s :  the motion of the g a s - o i l  contact  and the plane in which the oil  is 
subjec t  to sa tu ra t ion  p r e s s u r e  by the gas ;  and the motion of the w a t e r - o i l  contact  and the plane of sa tu-  
ra t ion  p r e s s u r e .  We take  the sampl ing  plane as  the plane f rom which m e a s u r e m e n t s  a r e  made.  The x axis 
is  taken as the axis  of the change in the pos i t ions  of the g a s - - o i l  contac ts .  Let  L denote the d i s t ance  f rom 
the sampl ing  plane in the upper  boundary of the gas  cap:  s 1 is  the coord ina te  of the posi t ion of the  plane of 
p r e s s u r e  sa tura t ion  in the p rob l em of the motion of the g a s - o i l  contac t ;  s 2 is  the coord ina te  of the posi t ion 
of the g a s - o i l  contac t ;  s 3 is  the coord ina te  of the posi t ion of the plane sa tura t ion  in the p rob lem of the 
motion of the w a t e r - o i l  contac t ;  s 4 is  the coord ina te  of the posi t ion of the w a t e r - o i l  contact .  

We divide s 1, s~, s 3 and s 4 by L and adopt the nondimens iona l  coord ina tes  ul, u2, u 3 and u4;/i and 12 
a re  the nondimens iona l  coord ina te s  of the in i t ia l  posi t ion of the g a s - o i l  contact  and the w a t e r - o i l  contact ,  
r e s p e c t i v e l y .  

Suppose that  at the in i t ia l  moment  of t ime  the p r e s s u r e  in the s t r a t u m  is p~ > Pl, where  Pi is  the s a t -  
urat ion p r e s s u r e  under which d i s so lved  gas  is  s e p a r a t e d  out f rom the oil .  We a s sume  that  in the p r o c e s s  
of developing the s t r a t u m  the p r e s s u r e  in the sampl ing  plane is f ixed at a constant  value and is equal to 

Po < Pl- 

In addition we a s s u m e  the following: 

1) the g e n e r a l i z e d  Darcy law holds fo r  the oil  p r e s s u r e  occupying the propor t ion  (~ of unit volume 
of the i n t e r s t i t i a l  space  [f~a) is  the r e l a t i v e  p e r m e a b i l i t y  of the off] 

k Op 
= - - - ~ - / ( ~ ) - ~  (1) 

2) the oi l  densi ty  p is  ef fect ively  cons tant ;  p = const  (it is independent of the quant i ty  of ex t r ac t ed  
gas ) ;  

su re  
3) gas  ex t rac t ion  o c c u r s  ins tan taneous ly  and depends on the p r e s s u r e  drop  below the sa tura t ion  p r e s -  

a - - - - l - - a ( p l _ p )  

where a is  a s m a l l  quanti ty of d imension  a tm- I ;  

(2) 
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4) the  reg ion  occupied  by the g a s , x  ~(s~, L),is r e m o t e  f r o m  the  reg ion  of s t rong  p r e s s u r e  p e r t u r b a -  

t ions  so that ,  a s s u m i n g  the p r o c e s s  is i so t he rma l ,  we can wri te  

p ,  (L - -  s,) ----- p~ (L - -  l) 

whe re  l -- s2(0) is the ini t ial  boundary  between the  oil  and the gas ,  p ,  is the va r i ab l e  p r e s s u r e  in the reg ion  
of  the  gas  as it expands ;  

5) in the  zone x ~ [s~ (t), s~ (t)] the mot ion is r ig id ,  so that  

p = a i x  q-  b i 

where  a p  b~ a r e  d e t e r m i n e d  f r o m  the boundary  condi t ions  

x = s  l, P = P l ,  x = s ~ ,  P = P *  (3) 

F r o m  this  

p~ (L-- l) / (L-- ~) -- ~, (x --  sO § p~ (4) 
P ~ 8Z ~ $I 

The  k inema t i c  condi t ion fo r  x = s 2 y ie lds  

m ds_s = __ ! O-2-P = ~ p~ (L - -  Z) / (L -- s0 -- p~ (5) 
dt ~ Ox ~ s~ ~ Sl 

where  m is the  po ros i t y  of  the  s t r a t u m .  

Equation (5) has  to be in teg ra ted  sub jec t  to the init ial  condit ion 

s~ (0) = 

6) in the zone x ~ (0, s~)the oil moves  with the gas .  

By the S l i k h t e r - K o z e n a  equat ion,  k = Am3/ (1  - m) 2, where  A is a cons tan t  depending on the g ra in  
s i ze  of  the skele ton of  the po rous  m e d i um .  Replac ing  m by mc,  we have 

and fo r  the phase  p e r m e a b i l i t y  [1] 

m363 
k "'t~) = A(t_m~)~ 

k (:) 
I ( ~ ) = T  ( -  ) (6) 

The combina t ion  of the law of  m a s s  c onse rva t i on  for  the oil and D a r c y ' s  law y ie lds  

k 0 F ( i - - m )  ~ a Op]  mO~ 
Ox L ~  0 ~ = Ot " 

If  we subs t i tu te  (2) fo r  a in th is  equation and s impl i fy ,  putt ing [1 - a(pl - p)]n ~ 1 - na  (Pl - P) (n = 2, 
3), we  obtain 

0{[ i ]0,} 0, (,) 
~ma Ox I - -  m a (Pl --  P) ~-= = 0--/ 

Let  q denote  the p r e s s u r e  of  the r o c k  bed lying above the  r o o f  of  the  s t r a t u m .  We can r e d u c e  Eq. (7) 

to nond imens iona l  f o r m  by putt ing 

~-  p p i  x ~kt 

T '  ~ l = - - q ,  ~ = a q ,  y = - - E - ,  ~----~raaC~ 
(8) 

Equation (8) has  to be  i n t eg ra t ed  in the r eg ion  y ~ (0, ul), T >  0 under  the condi t ions  

(0, ~) = ~0, ~ (ul, ~) = h ,  u1(0) = 0 

at ~ 0 ( i - , . ) , ( t - . . . ) - ~  ( l ,o ~ o = , 0 )  
--~y ( ui' "~) = u~ - -  u l  ...... I i  = " ~ ' - ,  ~a = - q ' '  T 

(9) 

764 



We can put ~ in the  f o r m  

y y~ 
= c~ + c~ .-7 + c~ ~ (10) 

By us ing  (9) in (4) we can  find c 0, c i, ca: 

co = ~0, c 1 = 2 ( ~ 1 - ~ o ) - [ t  ~  

cs = --  Cx + ~ 1 -  ~0 

We i n t e g r a t e  (8) with r e s p e c t  to y f r o m  0 to u t. Noting (10), we obta in  an equat ion con t a in ing  du~/dr  
and d u J d r .  We c o m b i n e  th i s  with equat ion (5), r e w r i t t e n  in n o n d i m e n s i o n a l  v a r i a b l e s .  We obta in  the s y s -  

t e m  of equa t ions  

d~ - A (ul, us), -~7 

~1 ~-iUl I2 (ul, us) (i -- u~)~ e= (11) 

/ / 2  ~ U l  

where  

Bo = 2c2 (8 +co(z) + a (3qcs + c~ +2c2 s) 

Equat ions  (11) a re  to be  i n t e g r a t e d  under  the  cond i t ions  

u 1(0) = 0, u 2 (0) = 11 (12) 

As t ~ oo the func t ions  u 1 and u 2 tend  to a cons t an t  u , ,  where  ~,  = p , / q  ~ }l. Then  

u , =  i - ~ ~  (it-11) 

i . e . ,  the gas  beg ins  to pass  f r o m  the  gas cap into the well  a f t e r  u 2 b e c o m e s  equal  to u , .  

We can c o n s i d e r  two spec i a l  c a s e s :  

for  l l  := 1 we have u ,  = 1, i .e . ,  t h e r e  is  no gas cap;  

for  u .  = O, we have It = 1 - ~ /~~  i . e . ,  fo r  such a ra t io  of the quan t i t i e s  of oil  and gas t h e r e  is c o m -  
ple te  ex t r ac t i on  of the off; 

as q" ~ 0  

c 1 = 2 7 ,  c z = - - ? ( ?  = ~ x - - ~ o )  

~'~ '~~ (B ~r (~ _~o~~ ) 

F r o m  the se  equa t ions  we have computed  the in i t i a l  va lues  of the oil for  r = 1 �9 10 -l~ g iven the in i t i a l  
cond i t ions  

u 1 = 3 4 . 1 0  -6, u ~ =  l 1 

In the zone y ~ (0, ua) the oil p r e s s u r e  is a c c ompa n i e d  by ex t r ac t ion  of d i s s o l v e d  gas .  H e r e  u a is the 
b o u n d a r y  on which the p r e s s u r e  is ~l- 

F o r  y ~ (us, u4) the mot ion  of the oil  is  r i g i d  so that  

= a~y + b s (13) 

He re  u 4 is  the b o u n d a r y  on which the g round  wate r  p r e s s u r e  is m a i n t a i n e d  at a cons t an t  va lue  equal  
to ,~~ 
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In th i s  c a s e  we have the  bounda ry  con d i t i ons  

y =  u3, ~ = ~l; y =  u4, 

which,  in the  d o m a i n  y ~ (u~, u,) y i e l d s  

= ~~ -- ~i y -4- ~lu~ -- u~" 
g 4  ~ U 3  - -  - -  ~ 4  ~ U 3  

The  k i n e m a t i c  cond i t ion  fo r  y = u4, ana logous  to (5), y i e l d s  

du~ ~ (F -- ~l) 
d ~  u 4  - -  u a  

In y ~ (0, u~) we have  the  b o u n d a r y  cond i t i ons  and the  equa t ion  

Putting 

we obta in ,  as  aDove, 

w h e r e  

t (0, ~) = fo, f (u3, ~) = h ,  W = "~ - "~ 

~-~o o-~-cO Y Y~ i-~ -k (o~ u- s 

rtu3 = { D  (u~ - -  us)Z ~ du4] / d-'E u'-~ esua -aE~ / [(e~ - -  ~,) (u4 - -  us) ~ - -  eau8 (2u4 - -  u3)l 

D = 2c% (8 +a(Oo) + a  (3c%o~s +cox ~ +2o)9. 2) 

= ( 3 - m ) ~ , l ( t - m ) ,  1 3 = t - ~ ,  8 ~ = V . ~ ( F - ~ )  

% = ~o, co 1 = 2 ( ~ l - - ~ O ) - - ( ~ ~  . ] ( u , _ u s ) ,  

We combine Eqs. (15) and (17) and seek the solution subject to the initial conditions 

u3 (0) = 0,  u4 (0) = l~ 

As 7 ~ 0, w 1 -* 2% co 2 --~ - T, and so  f r o m  (17) we have  

u3 ~ 2 [~ (~ + ab) z]'/, ~ 1 - -  80 J ' U 4 ~ l~ 

( i4)  

(i 5) 

(i6) 

(17) 

(i8) 

By s o l v i n g  the  above  d i f f e r e n t i a l  equa t ions  fo r  v a r i o u s  v a l u e s  of l 1 and 12, we can  c h o o s e  t h e s e  p a r a m ~  
e t e r s  so  tha t  the  w a t e r - - o i l  c o n t a c t  r e a c h e s  the  s a m p l i n g  p l ane  m o r e  r a p i d l y  than the g a s - o i l  con tac t .  

Having  chosen  the  o p t i m u m  v a r i a n t  of  the  pos i t i on  of  t he  s a m p l i n g  p l a n e  f r o m  the  s u r f a c e  of  the  
g round ,  we s e e k  to d e t e r m i n e  the  dep l e t i on  of the  r e s o u r c e s  of  the  o i l  bed  a f t e r  a g iven i n t e r v a l  of t i m e .  

We a s s u m e  tha t  ul(T), U2(T), u3(~), U4(T) a r e  known func t ions ,  a f t e r  so lv ing  the a p p r o p r i a t e  s y s t e m  of 

d i f f e r e n t i a l  equa t ions .  

T h e  f low of  o i l  in unit  t i m e  t h r o u g h  unit  a r e a  of  the  r o c k  v e r t i c a l l y  is  found f r o m  Darcy~s  equat ion  

k Op Q = - ~ / ( z )  for x = 0  (19) 

We can w r i t e  (19) in n o n d i m e n s i o n a l  v a r i a b l e s :  
O~ Q~L p 

O l = ' ~ u = ~ '  ~ = T '  
x 

u = -L--' ! (~~ = / (~11~=~ 

The  t o t a l  f low Q2 of o i l  t h r o u g h  unit  a r e a  in the  t i m e  f r o m  0 to  T can  be  e x p r e s s e d  uy the  s u m  of  t he  

i n t e g r a l s  

Q~ ~ c l  dT -t'-- o-~a 
d U l  
0 0 
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The calculations are  ca r r i ed  out for  the values 

g.gB ~ ,,, 

/ 
00z 

8 

-0.02 

- 0. O~ 

~.4 O.8 kZ 

P0= t70atm, p l=  t71atm, p~ = t72atm,:q~ 350arm, L== t54m 

= t.97cp, a----9.76. 10 -aatm -l,m--- 0.22, k ~  0,22darcy 

The coefficient a was found, for the chosen paramete r ,  under 
the guidance of [2] for  a volume coefficient of the oil bed of 1.2 and 
a gas compress ib i l i ty  coefficient of 0.85. The chosen pa ramete r s  
were c lose to the pa rame te r s  of the Samotlorsk oil field. We quote 
the resu l t s  for  the optimal var iant  of the position of the sampling 
p l a n e .  

ll L(m ) vl h L(m ) ~i 
O. 09434 159 O. 42 O. 031446 159 O. 253 
0.0649 154 0.30 0.0649 t54 i . l  
O. 03356 149 O. 17 O. t007 149 2.66 

Fig. 1 Here ~'I is the t ime at which the w a t e r - o i l  or  the g a s - o i l  c o n -  
tact  reaches  the moving boundary on which the p r e s s u r e  is ~ . 

Graphs of ul0"), u2(T), U3(T), U4(T) are  shown in Fig. 1 for l~ = 0,0649, tz = 0.0649. The calculat ions were  
made using a digital computer .  

The author wishes to thank V. I~ Pen'kovskii  for formulat ing the problem and also his colleagues in 
the hydrodynamics  branch of the State Planning Institute for  Tyumen ~ Off and Gas who kindly provided the 
mater ia l  for  the paper.  
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